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JIMP  DUE  TO  AERODYNAMIC  ASYMMETRY  OF  A  KD38UJS 
WITH  VARYING  ROLL  RATE 


ABSTRACT 

Although  the  theory  of  aerodynamic  Jump  for  eaaentlally  eye  trie 
mlaailea  with  alight  aerodynamic  asyetry  and  cooatant  roll  la  veil  known, 
the  dependence  of  thla  jump  an  varying  roll  haa  not  been  conaldered.  If 
roll  la  produced  by  differentially  canted  control*,  the  rolling  motion 
can  be  deacrlbed  by  We  parametera.  The  magnitude  and  orientation 
Jump  la  preaented  for  the  pertinent  .ange  of  theae  parametera.  *1— 


TABLE  OF  SYMBOLS 


B 

C 

cr 


V 


a 


f(r) 

B 


0^*  C'1,  a  measure  cf  the  angle  turned  through  as  the  roll 
rate  approaches  steady* state 

0  */0  ' 

mD  ,yoo 

Is  roll  damping  coefficient 
is  drag  coefficient 

is  roll  moment  coefficient  due  to  roll 
is  roll  moment  coefficient  due  to  cant 

V  °» 

is  moment  coefficient  due  to  aerodynamic  asymmetry 

is  damping  moment  coefficient 

is  static  moment  coefficlenw 

la  moment  coefficient  due  to  cross-acceleration 

is  moment  coefficient  due  to  control  surface  deflection 

la  normal  force  coefficient  due  to  aerodynamic  ujmetiy 

la  normal  force  coefficient 

la  normal  force  coefficient  due  to  control  surface  deflection 

uy 

"•*>00  'o 


-  [li*  i  /  (jy  V  ♦  J^i)  ds2l 
•*>»  y0  ^ 

X  0  (W*1  r) 

■  j%  •  s  -  ■A  <°M,  ‘  \  >] 

le  axial  moment  of  Inertia 
X  are  trmnsvaree  momenta  of  Inertia 


T*v 


HJ*'  *  0 


Jr* 

i 


l 

L 

m 


% 


Is  dimensionless  axial  radius  of  gyration 
lo  dimensionless  transverse  radius  of  gyration 
Is  reference  length 
Is  roll  moment 
in  muss 


P3i  .  -I'  „ 

"S  kt  CM_ 


061  .  -2  r 
■S  kt  °M. 


M  +  IN  in  linear  aerodynaolc  moment 
p  ■  0’ ,  the  roll  rate 

q  +  lr  is  transverse  angular  velocity 
s  -  f  j  dt,  diaenslonlesn  distance  along  flight  path 


A 

s 


Ca 


3  is  reference  area 

t  la  time 

V  is  velocity 

x,y,z  are  components  of  a  space-fixed  coordinate  system  defined 

in  the  text 


•*> 

Y  ♦  iZ  is  transverse  aerodynamic  force 

a  is  angle  of  attach 

0  io  angle  of  sideslip 

6  is  cant  angle 


6 


p 

0 

»o' 

K' 

** 


$ 


1b  angle  of  deflection  of  control  surface 

A  v 

p  ♦  la,  the  complex  angle  of  attack 
Is  air  density 
la  roll  angle 
la  Initial  rol1  rate 

la  steady- state  roll  rate,  defined  to  be  positive 

la  Initial  orientation  angle  of  asyaaetrlc  aoaent 

is  initial  orientation  angle  of  aaywet";  i  force 

is  initial  orientation  angle  for  asyaaeiry  due  to  c 
a  a. 


11b 

a-»oo 


ll- 
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ds1  da2  ,  the  coefficient  of  In 


the  Juap  equation 
oo 


<£  "  ft  "  IA^"  *  dr,iB  *****  **gnitude 


of  constant-spin  $ 

(  )'  denotes  derivative  with  respect  to  s 

("*)  indicates  forces  and  aoaent  •  are  Measured  In  non-rolling 
coordinate  system 


DfTRODUCTTOR 


The  Juap  tingle  In  defined  to  be  the  angle  between  the  launch  direction 
of  a  missile  and  Its  "effective"  line  of  departure.  (The  effective  line  of 
departure  is  the  line  Joining  the  launch  point  and  a  distant  point  on  a 
gravity-free  trajectory. )  In  Deference  1  relations  far  the  Jusqp  due  to 
aerodynaalc  forces  are  derived  for  an  essentially  systole  missile  with  a 
slight  configurational  asyetry  and  constant  roll  rate.  Unfortunately 
most  missiles  of  this  type  build  up  their  roll  over  an  Initial  portion  of 
their  flight  path  and  so  this  analysis  Is  not  directly  applicable.  Xh 
this  report  we  will  consider  the  Influence  of  a  varying  roll  rate  on 
aerodynaalc  Jump. 

ROLL  KlUkTKXf 

It  will  be  assuned  that  the  only  aerodynamic  moments  associated  with 
the  rolling  motion  axe  a  roll  Indwlng  moment  caused  by  a  differential 
cant  am'  a  roll  damping  meant. 


where  L 
P 
▼ 
8 
i 


P 

6 


Is  roll  moment 
Is  air  density 
la  velocity 
is  reference  area 
Is  reference  length* 

Is  roll  moment  oosfflolent  due  to  roll 

Is  roll  moment  coefficient  due  to  cant 

is  roll  rata  and 
Is  out  angle 


*7 


**  subscript  refers  to  the  roll 


aoaent  . 


9 


From  thin  roll  moment  tne  following  equation  for  the  roll  angle  can  be 

ry 

derived.1^  (The  roll  angle  at  s  -  0  was  selected  to  be  zero.) 


(2) 


where  0  is  roll  angle 

0  '  *  (t^)  13  initial  roll  rate 

0  ds  o 

/V  u 

-  dt  is  dimensionless  distance  along  flight  path 


-C,  6 

‘  rTT^T 

/  a  D 
P 


is  steady  state  roll  rate 


'J5 


is  dlacnaionleas  axial  radius  of  gyration 


'D 

C 


is  drag  coefficient  and 

8 IVL  -2 


,*(£s)(ka  Ci  +  C 


:d)  19 


roll  damping  coefficient 


In  order  to  avoid  consideration  of  both  positive  and  negative  value* 

of  the  steady  state  roll  rate,  ve  will  select  our  space-fixed  coordinate 

system  in  a  rather  special  way.  The  positive  direction  of  the  x-axls  is 

defined  as  the  launch  direction.  If  the  roll  angle  is  Measured  from  the 

positive  y-axls,  then  0  '  is  positive  or  negative  accordingly  as  steady 

state  roll  has  the  sane  or  opposite  direction,  respectively,  of  a  90 

rotation  free  positive  y-axis  to  positive  t-axls.  Thus  ve  can  restrict 

0  '  to  positive  values*  without  loss  of  generality  by  defining  the  positive 
00 

z-axls  as  that  axis  obtained  by  a  90  rotation  of  the  fixed  positive  y-axls 
in  the  direction  of  steady  state  roll.  This  celectlon  of  coordinate  axes 
will,  therefore,  be  used  throughout  tills  report. 


Since  ve  Intend  to  study  the  effect  of  different  rolling  notions  on 
the  aerodynaalc  Jump,  it  would  be  desirable  to  reduce  the  n usher  of 
parameters  in  Equation  (2).  Tl>ls  set  of  three  parameters  can  be  reduced 


r - - — - 

The  special  case  of  e*ro  steady- state  roll  corresponds  to  a  parabolic 
deflection  of  the  missile  Instead  of  the  linear  deflection  described  by 
Jump.  We  will  not  consider  the  esse  0^'  -  0  in  this  report. 
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to  ft  set  of  two  by  properly  •elating  the  scale  for  •.  This  can  bo 
done  by  the  transformation  s  =  C*^  a". 

0  (c'1  4)  -  A  jj  -  (B-l)  (e4  -  1)]  (5) 

where  A  »  0  *  C-1 

CD 

B  -  0  */0  * 

As  can  bo  seen  from  Iquation  (2),  C’1  ts  the  distance  requital  for 
the  roll  rate  to  reach  a  value  •37j0co'  *  0O*J  units  fras  its  steady  state 
value.  A,  then,  Is  a  measure* of  the  angle  turned  through  as  the  roll 
rate  approaches  0^'  .  In  the  special  case  A  ■  0,  which  implies  C”1  -  0, 
the  transformation  to  Iquation  (3)  is  Invalid.  Since  Iquation  (2) 
reduces  to  0(s)  •  0^’  s  fer  either  C" 1  *  0  or  ^  "  0q'  >  however,  we  can 
consider  the  case  A  ■  0  as  equivalent  to  A  /  0,  B  •  1. 

AIROraMKXC  JIMP 


She  major  linear  aerodynamic  forces  which  cause  aerodynamic  Jump  are 
defined  by  the  following  equations 

Dreg  -  (1/2)  pV*S  (k) 

7  ♦  lZ  -  (1/2)  pV^S  £-  f  ♦  e1^  *  V]  (3) 


where  7  and  X  ore  transverse  components  of  aerodynamic  force 
t  »  %  +  1  &  is  complex  angle  of  attack 
**  indicates  forces  and  momente  are  measured  in  non-rolling 
coordinate  system  j 

CL  is  dimensionless  normal  force  coefficient  due  to 

■n 

aerodynamic  asyastry 

0^  is  Initial  orientation  eagle  of  a  syne  trie  foroe 


If  the  missile  axis  always  makes  a  small  angle  with  the  launch  direction, 
the  following  simple  differential  equation1  ocmtrols  the  lateral  motion 
induced  by  aerodyranlc  forces: 


Sines  0  *  ie  msasursd  in  radinne  per  distance  and  C*1  Is  nseeured  in 
units  of°41stanoe,  A  Is  liven  in  terse  of  radian  measure. 


U 


y"  ♦  i  *" 

. I 


(6) 


where  C 


°D 


and  primes  denote  derivatives  with  respect  to  s. 

The  aerodyiuuslc  Junp  can  be  defined  analytically  by  the  equation 

Aero,  imp  -  1U  2-LL£  .  ll>  I*Li 
x.oo  *  « -too  11 

Thus  the  aerodynaalc  Jusjp  depends  on  (  and  0.  0  is  given  by  Equation  (2) 

/V 

and  {  can  be  computed  frca  the  aerodynaalc  ncaent.  Since  junp  due  to 
aerodynaalc  asyaaetry  is  small  for  high  roll  rates,  lew  roll  rates  will 
be  assuMd  and  the  fegnus  acaent  thereby  neglected.  The  linear  aerodynaalc 
ncaent  Is  defined  by  the  equation: 


HUN 


(i/2){*fai  £  i  t + ^ 

.  i  c^,  7  ♦  i 


where  q,  r 

°"o 


are  transverse  coaponants  of  angular  velocity 

is  dimensionless  ncaent  coefficient  due  to  aerodynaalc 

asyaaetry 

is  Initial  orientation  angle  of  asyaaitrlc  aoaent 


Iquatlons  (k,  6)  can  be  placed  In  the  dynamic  equations  and  the  ueual 

equation  of  pitching  and  yawing  notion  derived^.  (Ate  to  the  assumption 
of  snail  roll  rate,  the  gyroscopic  terns  drop  out.) 


T"  ♦  H  T*  -  M  T  ■  1^  e1^  *  V 


(9) 
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where  H 

M 


pat 


[• 


V  -  -t 


k-'J  \  *  <X 


,3 


-  TS 

■BiS 


is  dimensionless  transverse  radius  of 
gyration 


Equation  (9)  can  be  solved  for  (. 


T  .  w1  [i 


?  ♦  H  ?  - 


.*»  *  ti>| 


(10) 


T  from  Equation  (10)  can  be  substituted  Into  Kquatlcn  (7)  and  the 
result  can  then  be  simplified  to 

Aero.  Jtaap  ■  TQ  ♦  +  ^  (ll) 


where  J£*  - 


CL 
2  La 


Jj’  -  H  JJ*  •  0 


■ « [\  •" 


S  - 


% 


-] 


«  *r 


5  ■  “*  I  f  /  *10  ^l4*! 

B-SOO  'Q 


K  • 


■  T ♦  Jr‘>  «■*] 


If  the  mi stile  is  dynamically  stable,  (  and  its  integral  are  bounded. 


/.  I  -  0. 


For  a  statically  stable  alsalle  J|*  is  negative.  In  conformity  with 

aerodynamic  conventions'*,  however,  the  missile's  nose  points  the 

negative  y-axls  for  positive  p.  (This  can  be  seen  from  equation  (5) 

which  states  that  the  direction  of  the  complex  normal  force  for  the 

symmetric  missile  (C->0,  Cw  *>  0),  is  the  negative  of  that  of  the 

"a  "0 

complex  angle  of  attack.)  Thus  the  Jimp  due  to  L'  is  in  the  direction 

-V- 

If  the  aerodynamic  asymaetry  arises  from  a  single  control  surface 
deflected  at  an  angle  c  with  initial  orientation  angle  reduces  to 

a  simple  form: 


CL  CM 

r  psi  c  .  h  Mc  i 
JA  -  C_  -  —T—  •  • 

L  * 


Equation  (12)  reveals  the  conclusion  stated  in  Reference  1  that  the 
jump  due  to  deflected  control  surface  is  aero  when  the  control  surface 
is  located  near  the  center  of  pressure  of  the  complete  configuration, 


;-(i) 


I  units  from  the  center  of  mass.  Figure  1  plots  y/x  versus 


a/x  for  representative  rolling  motions,  vith  -  |Q  -  1  -  0,  where 

Aero.  Jimp  •  11m  1  ■*  »  J  S 

*■♦00  x 


♦  i  * 


and  $  has  the  magnitude  and  orientation  of  the  limit  points.  The  remainder 
of  this  report  will  concern  itself  with p  ,  the  coefficient  of  JA> 

BDffIJFIDAnC*  (V  THE  FWOTXOi  (I 

In  order  to  consider  the  influence  of  varying  roll  on  f ,  we  will 
simplify  it  by  the  following  algebraic  steps: 


}  -  11m  if  f 2  da 

-*00  i  '0 

m  ( f  * th)  * 


l**e 


•  iJ £,/ (1  •  ji)  ,lf  (,1>  *•» 


(u) 


By  use  of  a  contour  integration  in  the  complex  plane  and  the 
tranoforruBtion  of  the  roll  equation  used  for  Equation  (3),  Equation  (13) 
can  be  considerably  simplified.  The  mathematical  details  are  given  in 


Appendix  A. 


vhere  f(r) 


w 


For  the  constant  rolling  notion  considered  in  Reference  1,  B  is  unity  and 

‘-1  (15) 


i  ■  ‘  w 


Thus  for  a  single  deflected  control  surface  the  Jump  has  a  Magnitude 


'i  - 

« 


Vii 


c  (0  *)"*  and  orientation  St  a  right  angle  to  the 


initial  orientation  of  the  control  surface.  ThU  orientation  ia  la  the 

C  C 

M  L, 

direction  of  the  spin  if  **  po*ltiT#  “nd  °S®°*lte  if  thia 

quantity  la  negative.  a 

Ve  will  use  the  Magnitude  of  this  jump  for  constant  spin  as  our 
standard  and  compare  the  Magnitudes  of  the  Jumps  for  varying  spin  with 
it.  For  tMs  reason  the  following  definition  is  introduced. 


§m 


.  J  .“<*> 


dr 


■  <£  (A;l)  (^) 

Direct  numerical  calculations  mt  |  are  poealble  from  Eqv'tloo  (16) 
by  both  a  power  series  expansion  (Appendix  l)  and  an  asymptotic  series 
expansion  (Appendix  C).  The  foraex-  convergee  rapidly  whan  A  la  maall,  the 


15 


latter  when  A  Is  larg*.  Before  proceeding  to  thir.  calculation,  it  li 
Instructive  to  see  what  can  be  predicted  concerning  the  behavior  of  i  . 

A  * 

PREDICTED  BEHAVIOR  OF  $ 

For  ccnstant  roll,  by  definition 

§(A*  1)  ■  1  (17) 

A 

A  By  the  slaple^analysis  following  Equation  (3),  $(0,B)  aust  equal 
$  (A,  1).  Since  $  Is  a  continuous  function  of  A,  we  have  sons 
Indication  of  the  behaviour  of  \  In  the  vicinity  of  aero  A: 

11.  f(A.B)  .  1  (IB) 

The  larger  part  of  aerodynaalc  jump  occurs  during  the  first  few 
revolutions.  (Figure  1  Illustrates  this  fact.)  Froa  the  piysloal  Inter* 
pretatlon  of  A,  It  can  be  seen  that  when  A  Is  large  the  spin  noars  steady 
state  slowly,  so  that  over  the  first  few  revolutions,  the  spin  oan  be 
regarded  as  a  constant,  equal  to  Its  Initial  value.  Thus,  replacing 
by  0O*  In  Elation  (15),  * 

|(A,B)  i  |  ,  B>?  1  (19) 

For  a  fixed  A,  the  saaller  the  value  of  0O* ,  the  grsater  will  be  the  ehsage 
In  spin  during  the  first  few  revolutions.  Thus  vs  would  septet  this 
approx 'nation  to  bsooas  poorer  as  B^O.  (This  rather  Intuitive  moaning 
Is  substantiated  by  the  aore  rigorous  aathmtloal  analysis  la  Ajpmix  0.) 

A  special  ease  of  jm  Interest  Is  that  of  sero  Initial  roll*  For 
this  csss 


0  (c'1})  -  A  (|-  - 

(»> 

f(*>  •  1  (•  J-  ♦  ♦  •••) 

(»x) 

If  A  is  sufficiently  large,  0  wUl  reach  several  rsvolutloas  before  the 
cubic  tens  In  Bqustloa  (20)  las  an  laportaat  effect.  Therefore,  for  laigs  A, 


0  can  be  approximated  by  the  quadratic  term  over  the  regime  where  Jump 
occurs.  Under  this  assumption,  we  have 


Using  the  cu  plcte  Fresnel  integral: 


Thus  this  approximation*  predicts  that  the  Jump  due  to  aerodynamic 
asymmetry  makes  a  45°  angle  with  the  initial  orier tattoo  when  the  initial 
spin  rate  io  zero. 

A 

COMPUTED  BEHAVIOR  OF  $ 

Numerical  solutions  of  the  expansions  In  Appendices  B  and  C  were 
obtained  or.  the  QRDVAC  for  a  variety  of  values  of  A  and  B.  The  results  are 
plotted  in  Figures  2,  3  and  4.A  Figures  2  and  3  show  the  magnitude  and 
orientation,  respectively,  -:f  J  as  a  function  of  A  for  various  values  of  B. 
For  scall  values  of  the  parameter  A,  the  behavior  of  \  is  shown  more  A 
clearly  by  Figure  4  which  plots  both  toe  magnitude  and  orientation  of  $ 
in  polar  coordinates.  From  a  consideration  of  these  figures,  we  can  da¬ 
te  i  mine  the  reliability  of  the  approxlsmtlons  expressed  by  Equations  (19) 
and  (23). 


Equation  (23)  lias  been  obtained  in  a  different  manner  Jointly  by 
C.  L.  Poor  and  B,  0,  Karpov. 
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A 


i 


Equation  (19)  applies  for  values  of  A  ac  low 

Eor  B  <.  1,  the  lower  bound  of  the  usable  range  of 
decreasing  B. 


an  *  when  B  >  1. 

A  grows  rapidly  with 


'A'  “WraXl“U“‘  0f  (23)  1.  rCMonrtHy  KnMte  for  « 

However,  ' 

«  jrtT*"*,41""™"  b'tV,e”  th'  *“  -  P-Ucted  ^Mfl 

(23)  ’  'k,1*1"8'  e’°“*h  40  W*rr*"t  ‘■P”>*»nt  of  Equation 

'  ln\'l  "  Z  ,  t*™  *•  ***“’*  (S1)  “  — U  iteeo-uoc 

D  in  deriving  the  closer  approximation: 

f(*,0)  .  (l.25^e.2l,)eI‘rCt“(l>^)  (?4) 


arrwuariOf  TO  2*8101  ffPU>H8 

“*  ~Jor  concern  of  «  decider  1.  the  effect  of  ~.-~v - - 

“7*tl7“  d“‘*r,1“-  «•  »•■«*»  »  M*.  of  the  mdttude  of 

*  ,0r  ”U  — -<U.  *,  the  -dltud.  of  rite 

estimated  from  Equation  (l?).  The  roll  dating  coefficient 

ba  ne-  .  .  .  ^*in®  coerricient,  C,  can  usually 

®*  estimated  to  reasonable  accuracy.  The  problem  redu,-  ^ 

- — — -  in  -  — -  — .  7ZZL  0^1“”* 

‘  FO,  the.  1..11,.  vhoM  .pin  «dlt»d.  1.  et  leeet  on.  routloo 
perdletence  to  Urpet  vhoe.  .pin  direction  doe,  not  ■ev.r^  m  fUsht. 

PMr  Of  equetlco.  yield.  the  followed  ommamt  nde-of-tha*. 
for  vnlue.  0f  ^  c’1  (mUr  tte  2  ‘ 


Eule: 

two 


**•  ■HtnUuU  *  f  lB  Huol  to  or  lass  than  tu  —die,  of  the 

nsifau 


1) 


1 
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* 


Wh*r*  V*  ^  «d  C  are  measured  per  unit  distanoe  and  angle*  are 
■^•ured  lit  terms  or  radices. 
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SUMMARY 


The  jump  Smb  to  aerodynamic  asymmetry  ha*  been  stuoied  In  tome 
detail.  Curve*  for  it*  magnitude  and  orientation  which  ahould  prove 
useful  to  a  designer  have  been  computed. 
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...  u  i.ujLOSJJP-ui'JV'.i  WiM^  V-'  waawsatr 


APPENDXX  A 

DERIVATION  Of  EQUATION  (Ik) 

From  Equation*  (3)  and  (13)  we  can  write  the  Juap  function  in 
the  form: 


*■ 

lla  C’1^ 
2-»  ra  Jq 

,,  *1  .  i?  (•  )  ... 

(1  -  y  )  o  '  r 

t 

(Al) 

id)  ■ 

tic-H)  - 

*[:,  -  b  (.-h  -ij| 

(A2) 

where  *  • 

Cs 

b  « 

fi-l 

The  integral  in  Equation  (Al)  can  be  siJQxlified  by  replacing  the  real 
variable  a^  by  the  complex  variable  a  »  x  ♦  iy  and  considering  the  integral 
over  the  following  contour: 

1.  Along  the  real  axl*  from  C  to  2 

^  40  m 

2.  On  he  circular  arc  a  »  ae  for  0  varying  from  0  to  j 

3.  Along  the  imaginary  axl*  from  ■  to  0. 

Since  the  Integrand  1*  analytic  within  this  contour,  the  Integral  vanishes. 


dx 


♦ 


♦ 


a .  .«>  J  (*•“> .»  « 

■  £>  'l*  M  iy 


•  0 


(A3) 
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In  order  to  deal  with  these  integrals  ve  will 
following  relations: 


use  of  the 


1 1  -  ei0|  -  |/?(1  -  cos  0) 


*  ^(072)  «  0 

.  eRW 
where  R  fvj  *  u  when  w  ■  u  t  iv 


I'*! 


R  jiftSe10)}  -  AR  [laei0  -  ib(e‘8e  -  1 
-  -  As  sin  0  -  AbR  £ie"^e  j" 
aS  sin  0  ♦  A  |b| 

When  0  is  0  —  ^ 


-  sin  0  i 


A  » 


R^10(iy)J  -  \h£-  y  -  ib(e"iy  -l)j 
6  -  Ay  ♦  a|  b| 


(AM 

(A5) 


(A6> 


(A7) 


(A8) 


With  these  relations,  upper  bounds  for  the  Magnitudes  of  the  second 
Integral  and  part  of  the  third  Integral  In  equation  (A3)  can  be  computed, 
s  I  s 

'tl  f  (1  -  e1S)  e1^1*1®)  40  j  f  |l  -  e18| 

'o  Jo 

(- ♦  A  l«>l) 
irl  0  e  *  dt) 


(A9) 
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<  U  *  *l»l>  dy 


at 


e'*3  (A*  ♦  1) 


(A10) 


It  should  be  noted  that  u  fl  increases,  both  of  the  above  Integrals 
approach  zero.  Thus  If  the  Halt  of  the  Integrals  In  Equation  (A3)  for 
a-foo  is  taken,  and  y  Is  replaced  by  r,  the  following  equation  can  be 


written: 


(All) 


vfcere  f(r)  *  jf  0  (1C"1  r) 

-  '  £r  +  ib(e~*r  -l)J 
•  -  [r  ♦  i(B-l)(e’lr  -lj] 
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4PPBHDIX  fl  ^ 

POWER  SERIES  EXPANSION  OF  j> 

For  small  values  of  A,  a  power  series  expansion  can  be  used. 


?  tiW<3PCT3PBCWJ!W  WICTADW 


APPENDIX  C 

asymptotic  SERIES  EXPANSION  0?  $ 

In  order  to  obtain  on  asyndetic  eerie,  for  we  take  repeated 
use  of  integration  by  parts. 


$  (A,B)  - 


iA 


f 


@Af(r)  ^ 


r  eAf 

l J  ^  Af'dr 


ao 

*?foJ  *1/  (-?r)' 

V» 

n 

lH  A'k  V°> ♦  «„ 


eAfAf»dr 

3GF1 


where  PQ 


k«0 
1 

'  F 

F°  FJ-i 

00 


r< 


e"  dr 


(Cl) 


iy  direct  eubetitution  ve  can  get  the  expatuian  for  n  •  2. 


*  lla 
'  *  A-*a> 


<^e 

* 


.1(90°) 


(C2) 


(C3) 


■ote  that  the  other  terae  in  «(uatioo  (C2)  grow  ae  1  ->o  and  hence 
eanreifeooe  for  A~*»  will  be  .lower  for  Mailer  value,  of  B» 


APPHIDDC  D 

DERIVATION  OP  EQUATION  (24) 


If  vc  consider  the  cubic  tern  in  Equation  (21),  Equation  (16) 
cmn  be  written  as 

co  Ur2  Ar5 

5 - T  _ 


f  (A,0)  =  iA  f  e 

4) 


co  ike 


I 


iA  |  e 

'0 

go  iA r 

IA  I  e  -  dr  + 


(!  -  ^j~)  dr 


s/ 


o°  g  iAr 

(^T“)  e  2  (iArdr) 


JT  I^A  (l  ♦  i)  ♦  ^ 

I  |4a  ♦  i  (|  l4i  ♦  ^ ) 


Thus,  if  we  express  <£in  the  polar  for* 


§  •  |«! 


then 


|f  <A»°> 


fa  (nA  /«A  1  vl 

r  *  (T  ♦  T  *  5  U 

-  -  2  T  1/2 

L^H^J 


1/2 


»Sa  ♦ 


T  T 


(m) 


(db) 


1.25  ♦  .24 


<*) 
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and  tan  0 


(D5) 


The  following  table  reveals  the  Improvement  of  these  results  over 
the  simpler  approximation ,  Equation  (23). 


Magnitude  of 

i _ 

Orientation  cf 

iitM) 

A 

mm 

*!•(»> 

*!•(■»> 

ORDVAC 

8q.(23) 

Eq.(D5)  ORDVAC 

1 

1.25 

1.49 

1.51 

45 

54.0 

59.2 

5 

2.17 

2.41 

2.42 

45 

50.6 

52.2 

5 

2.80 

3.04 

3.05 

45 

49.4 

50.4 

7 

3.32 

3.55 

3.56 

45 

48.8 

49.5 

26 


REFERENCES 


1.  Murphy,  C.  H.  "Ccaaents  on  Projectile  Jvap",  BRIM  1071,  April  1957* 

2.  Bole,  R.  E.,  and  Nlcoleldee,  J.  D.  "A  Method  of  Detaxainiag  Son* 
Aerodynamic  Coefficient*  fro*  Supersonic  Free- Flight  feet*  of  a 
Rolling  Missile",  Journal  of  Aeronautical  Sciences,  Volun*  17, 
pp  609  -  621,  October  1950  and  ERL  Report  711,  Daceaber  1949* 

5.  Nlcolaldaa,  J.  0.  "On  the  Free  Flight  Motion  of  Miaailea  Raring 
Slight  Configurational  Asynes tries  ,  BRL  Report  658,  June  1953* 

4.  Murphy,  C.  H.  "The  Prediction  of  Nonlinear  Pitching  and  Yawing 
Motion  of  Syanetrlc  Miaailea",  Journal  of  Aeronautical  Science*, 
Voline  24,  pp  473  -  479*  July  1957* 

5.  Aaerlcan  Standard  Letter  Syabola  for  Aeronautical  Sclenoea, 

ASA  X  10.7  -  1957,  Aaerlcan  Society  of  Mechanical  Engineer*, 
October  1954. 


27 


m | 


i 


yo 


Fie.  4 


